
ON E Q U I L I B R I U M  S T A B I L I T Y  O F  A N  

E L A S T I C -  V I S C O P L A S T I C  M E D I U M  

A.  N.  S p o r y k n i n  

We c o n s i d e r  t~e s tabi l i ty  or an e l a s t i c - p l a s t i c  m e d i u m  when one p a r t  of the  body is in an 
e las t i c  s t a te  and the  o the r  p a r t  in a p las t ic  s ta te .  

The  r e s u l t s  obta ined in [ 1] a r e  g e n e r a l i z e d  fo r  the  s tabi l i ty  of a de fo rmat ion  of an e l a s t i c - v i s c o p l a s -  
t ic  ha rden ing  med i um ,  a s s u m i n g  that  the whole body is in a p las t ic  s tate .  

L i n e a r i z e d  r e l a t i ons  a r e  appl ied in s tudying the  s tabi l i ty  of a t h i ck -wa l l ed  tube sub jec t  to a p l ana r  
de fo rma t ion  under  the act ion of an in te rna l  p r e s s u r e  fo r  va r ious  c a s e s  of loading behav io r ,  both "fol lowing" 
as well as "dead zone ~ type ,  fo r  sma l l  devia t ions  of the body f r o m  an unpe r tu rbed  equ i l ib r ium.  

An ana logous  p r o b l e m  was c o n s i d e r e d  m [2] f o r  a quas i s t a t i c  fo rmula t ion  fo r  a tube of  an ideal  p las t ic  
ha rden ing  m a t e r i a l ,  a lso  in a c c o r d  with the t heo ry  of  sma l l  e l a s t i c - p l a s t i c  d e f o r m a t i o n s .  

1o We c o n s i d e r  the  unpe r tu rbed  equ i l ib r ium or" a ha rden ing  e l a s t i c - p l a s t i c  body of vo lume  V, c h a r -  
a c t e r i z e d  by a v e c t o r  of  d i s p l a c e m e n t s  ui~ , t), a s t r e s s  t e n s o r  aij~ t), and vo lume  and s u r f a c e  f o r c e  
v e c t o r s  Fi  ~ and pi ~ and we let  xi(~, t) be the s u r f a c e  s epa ra t i ng  the domains  of e las t ic  and p las t ic  b e h a v i o r  
of the  med ium.  

The  s tudy of the  s tabi l i ty  of equ i l i b r ium of a body of vo lume  V r e d u c e s  to the  solution oi va r i a t i ona l  
equat ions  and c o r r e s p o n d i n g  boundary  condi t ions  [3], whicn, i o r  the c a s e  c o n s i d e r e d  he re ,  have  the  f o r m  

( ~  ~ ~ u~ !~),~ • ~ ~ - -  pu~ + = 0, ( ~  + ~ ui. ~) n~ = p~§ ( 1 . 1 )  

Components  c h a r a c t e r i s t i c  of  the p e r t u r b e d  mot ion a r e  denoted  with a plus s ign.  

On the e l a s t i c - p l a s t i c  boundary  the s t r e s s e s  and d i s p l a c e m e n t s  a r e c o n t i n u o u s .  F r o m  this  it fol lows 

[ ~ 5 +  ~ x + = ~ Zi~.k k ] Vj 0, [u{ + -~- ui.~x~ +] := 0 (i, i = l, 2) 

H e r e  the squa re  b r a c k e t s  denote  the d i f f e r ence  of  c o r r e s p o n d i n g  quant i t i es .  

The  def ining va r i a t iona l  r e l a t i ons  m a y  be wri t ten  in the fol lowing f o r m s  [1]:  

tha t  

a) in the  p las t ic  zone 

b)  

- -  ~ ( ~ e ~ j  ~ 2~eij+ - ~i~)] (s~i - ~ / -  ~ ~  = 0 

( i  , + + + + + '7" Tl~0)(~e~hij -~ 2~e~j ~ ~ii) ~- cr (ke~hlj + 2t~el j - -  ~ij) 
- -  . . p o  o �9 o 

- -  k-~ (~,e~+n6~ ~- 29e~+z - -  a~+l) (s~ - -  ce~, - -  "qe~ ~ (s~j - -  ce~ ~ ~lei~ ) 

in the e las t ic  zone 

( 1 . 2 )  

( 1 . 3 )  

~ij + ---- ~.e~5~j ~- 2~te~i+ (1.4) 
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Here  the deformat ions  a re  connected with the d i sp lacements  through the fo rmulas  

e~j = /~](<.~ -}- j,~ + u~,iu~,l + uk,juk,~) (1.5) 

Applying the method developed in Section 2 of [1], we can, in an analogous way, reduce  the boundary 
p rob l ems  (1.1)-(1.5) to the study of a s y s t e m  of d i f ferent ia l  equations with constant  coeff ic ients .  

Moreover ,  the equations of equi l ibr ium and the botmdary conditions on the su r f ace  (1.1) reduce  to the 
equas 

(~]~j + ~U~,~)j + F t + po~U~ ---- 0, ( ~  + ~Ui,~) n~ = p~ (1.6) 

H e r e a f t e r  we use  the index p for  quanti t ies  re la t ing  to the plas t ic  domain and the index e for  those  
re la t ing  to the e las t ic  domain.  

F r o m  Eqs.  (1.3) we obtain 

(1 G7) 
e 

In the e las t ic  domain we have the re la t ions  

~ = ~Eukb~ + 2~E~ (1.8)  

Moreover ,  f r o m  fo rm u l a s  (1.5) we obtain 

Etj = '/~ (U~j + U~,~ + u~,~U~j + u~,~U~,~) (1.9) 

Conditions (1.2) a s s u m e  the f o r m  

[~i~ + ~,~ ~] == O, [U~+u~,~X~]=O (1.10) 

2. Consider  a tube with radi i  r i and r~, subject  to the action of an in ternal  p r e s s u r e  p. 

It  is well kno%aa [3] that  the c h a r a c t e r  of the loading behav ior  for  smal l  depa r tu re s  of the body f r o m  
unper turbed  equi l ibr ium may  have an essen t ia l  influence on s tabi l i ty  (instability).  

In con t ra s t  to [2], where  it was assumed  that as the r e su l t  of smal l  per tu rba t ions  the load does not 
change i ts  d i rect ion,  we cons ide r  the case  of a following load. In this  case  the r ight  m e m b e r  of the second 
of Eqs. (1.6) has  the f o r m  

P~ = P~~ (2.1) 

The loaded and de fo rmed  s t a t e o f  the tube, made of a hardening e l a s t i c - v i s c o p l a s t i c  ma te r i a l ,  in the 
ca se  of a plane deformat ion ,  is de termined,  up to the point of s tabi l i ty  loss ,  by the express ions  

~r v~ = - -  Po + (2 + Co) -1 [4ks In (r / ~r -- coC (r -~ -- ~-~) l 
ze v~ = - -  Po + (2 + C0) -1 [@0 (l + In (r ] o0) + coC (r -~ + ~'~)l, zr0 v~ = 0 
e~V'= (korS--C)[r~(2+co), e~V~ --(kor~--C)]r*(2+co),  e~v~ 0 (2.2) 

eft 
z~* '=C( l - - r -S ) ,  zo*~  ~r0 = 0 ,  u ~  C=ko'(  ~, 

where  r is the d imens ion les s  flow radius .  He re  and in the sequel ,  all quant i t ies  having the dimension of 
length a re  r e f e r r e d  to the externa l  radius  r2; those  having the dimension of s t r e s s  a r e  r e f e r r e d  to the 
shea r  modulus # and denoted with a ze ro  subscr ip t .  

The  radius  of the e l a s t i c - p l a s t i c  boundary T sa t i s f i e s  the equation 

y ~ ( t - - c 0 / ( 2  +c0 )  ct ~) = 4 I n ( y / a ) / ( 2  +Co)--po/ko + i  (2.3) 

We r e m a r k  that  the p r e s s u r e  at which the whole tube en te r s  the p las t ic  s t a te  is defined by the e x p r e s -  

sion 

P = - - ( 2  +c0) -~(41na - - c 0 / a  2) 

The equi l ibr ium equations (1o6) for  the per turba t ion  components  (1.7), (1.8) may be r ep re sen t ed ,  in 
the ca se  of a plane f o r m  for  the s tabi l i ty  loss ,  in the f o r m  

786 



~j , , ,  q" r - i  ~ro,~ ~. r -I  ( L ,  - -  2.,0) "~ (6, ~U, , , ) , ,  

~- r -1 (r=iU, ,~ - -  2r-iU0.~ -F U,,~ - -  r - i U , )  ~ ~  + ~bo)~U, = 0 

(2.4) 

F r o m  the  cond i t i on  (1.6) we ob ta in ,  t a k i n g  no t e  of  Eq.  (2.1), 

Y,=0,  F,0=0 ~o~ ~=~, ~=~ (2.~) 

Condi t ions  on the  e l a s t i c - p l a s t i c  b o u n d a r y  (1.10) a r e  

[ U , I = O ,  [ U 0 ] = 0 ,  [ ~ , t = 0 ,  [ ~ 0 1 = 0  for r = T  (2.6) 

F o r  an i n c o m p r e s s i b l e  m a t e r i a l  the  r e l a t i o n s  (1.7), f o r  the  c a s e  c o n s i d e r e d ,  a s s u m e  the  f o r m  

S ,  ~ =. 2 U , ~  + ao[r -~ (U ,  ~ .-}- Uo:Vo) - -  U,~]  

So p = 2r -1 (Ur v ~- U0,~) - -  ao [r -1 (U, .~ -4. Uo,Vo) - -  Ur.~l (2.7) 

~'r.~ ---- r - iY,~  ~- U~ v - -  r-XUo v, ao = 4 ] (2 -~ co ~- i(ov) 

C o r r e s p o n d i n g l y ,  f r o m  Eq~ (1.8) f o r  t he  e l a s t i c  r e g i o n  y s r -< 1, we ob ta in  

e e e - 4  e St '  = 2U .... S~ ~ = 2r,  1 (ur  e ~- u~.0), ~ . 0  -= r u~,~ ~- u0 . . . .  r-~Uo ~ (2.8) 

We s e e k  the  so lu t i on  in t he  r e g i o n  o~ _< r _< T in t h e  f o r m  

Ur ~ = Tl(r)cosra0,  U0 p = %(r ) s inmO (2.9) 

A f t e r  s u b s t i t u t i n g  the  r e l a t i o n s  (2.9) into the  e q u i l i b r i u m  equa t ions  (1.6), no t ing  t h e r e b y  the  r e l a t i o n -  
s h i p  (2.7) b e t w e e n  the  s t r e s s e s  and d e f o r m a t i o n s  and a l s o  t h e  cond i t ion  of  i n c o m p r e s s i b i l i t y ,  we ob ta in  a 
d i f f e r e n t i a l  equa t ion  fo r  the  funct ion ~vi(r) 

M (1 -F ~ f )  r (rv) A- r a [6 ~- z~  ~ -~ 5 ~ f  ~- 2rz~,~ ~ (pi (m) 

+ r ~ [5 - -  2m ~ (I - -  2ao) q- (3 - -  m ~ ) ( a y  -k  zo v~ -F r (rzr .~ ~ 
q- 7z~, v~ + rpoo)~)] q~l (~I) -k r [ - -  t - -  2m ~ ( i  -k z~ v~ (2.1 O) 

+ r (2 - -  m~)z~,, v~ -k 2 r%,~  ~ q- 3r~poo)~t r 
+ [ t  - -  2 m  ~ A- m a + m ~ ( m  ~ - -  2)  6~v" + r ~ ( t  - -  m ~) p~o) ~] Cx = 0 

S i m i l a r l y  we s e e k  a s o l u t i o n  in t he  r e g i o n  7 s r s 1 in the  f o r m  

Ur* - = / i  (r) cos m0, U~ e -= ]2 (r) sin m0 

In a m a n n e r  ana logous  to  tha t  f o r  t he  Eq. (2.10), we obta in  f o r  t he  funct ion  f t ( r )  t he  equa t ion  

(2.1i) 

r ~ ( i  + z, ~~ (Iv) + r a [6 + z0 ~~ ~- 5z,. ~~ + 2 r o o f ] / i  ('~> 

4- r2 [5 --~ 2m~ + (3 - -  m2) (~,~~ -~- v~~ + r (rpoo)~ ~- 7a~,~~ t r ~  f~ fi  (') 

A- r [ - -  i - -  2m r (i  ~- ~0 ~~ ,~ 3r~p0(o 2 Jr r (2 - -  rn "z) r,~ -~ 2 r~ r .~ ] / i  (') 

-~ [ l  ~- m: (m 2 - -  2) ( l  - -  z~ ~~ ~- r 2 (1 - -  m 2) p0o) ~] fl = 0 

(2.12) 

In Eqs . (2 .10)  and (2.12) the  s t r e s s e s  C~~ c~~ 0 and t h e i r  d e r i v a t i v e s  a r e  de f i ne d  by the  f o r m u l a s  (2.2)~ 

If  in the  e q u i l i b r i u m  Eqs .  (1.6) we a s s u m e t h e  t e r m s  c o n t a i n i n g  the  e x t e r n a l  l o a d  to  be  s m a l l ,  i . e . ,  i f  
we n e g l e c t  t he  d i f f e r e n c e  be tween  t h e  g e o m e t r y  of  t he  i n i t i a l  u n p e r t u r b e d  s t a t e ,  whose  s t a b i l i t y  i s  in ques  ~ 
t ion ,  and the  g e o m e t r y  of t he  o t h e r  s t a t e s  c l o s e  to i t ,  mid a l s o  if  we a s s u m e  tha t  m = 1, which c o r r e s p o n d s  
to t he  f i r s t  c r i t i c a l  f o r c e ,  we ob ta in  f r o m  Eqs .  (2.10) and (2.12) the  s i m p l i f i e d  equa t ions  

ragi (Iv) -~- 6r~cpi ('') ~- r (3  ~- 4a0 ~- p0(~2r 2) qDi(") + ( - -3  -{- 4a0 ~- 3p~0)2r ~) (pi ( ' )= 0 (2.13) 

r~]i (Iv) + 6r~/i ('') + r (3 ~- po~o~r 2)/1 (') 4- ( - -  3 ~- 3,oor 2) / i  (') = 0 (2.14) 

F r o m  Eqs .  (2.4), (2.7), (2.8), (2.9), and (2.11), no t ing  tha t  t he  tube  m a t e r i a l  i s  i n c o m p r e s s i b l e ,  we ob-  
t a in ,  fo r  t he  c a s e  u n d e r  c o n s i d e r a t i o n ,  t he  fo l lowing  r e l a t i o n s h i p s :  
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a)  in t h e  p l a s t i c  zone  

~ P  = -- [rZ% ('') -~- 4r~ox (') -~ (-- 2 -~ 4ao + poO)~r ~) (pl(') + poCO~rr cos 0 -4- K ~ 

~,o ~ = - -  [r~T1 ('') + 4rT~ (') + (2 + poo)~r ~) ~i(') +poCO2r~lcos 0.4- K p 

~ P  = - -  (rq~ (') -~- %(')) sin O 

(2.15) 

b)  in t h e  e l a s t i c  zone  

~ = - -  [r~/, (") + 4 r / S  ) ~- ( - -  2 -~ poco~r ~)/1 (') + po(O,~r/l] cos 0 ~- K ~ 

~0 e = - -  [r~/~ (~) -4- 4r/1 (') + (2 -~ ffoo)~r ~)/:(') ~- poco~r/1] cos 0 + K ~ 

~r~ = - -  (r]~ (') +/: ( ' ) )  s in0  

(2.16)  

w h e r e  KP and  K e a r e  d e t e r m i n e d  f r o m  t h e  b o u n d a r y  c o n d i t i o n s  

cos 0[a2cpl('' ') + a  (6 - -  4ao - -  poco~a ~) (pl c') ~- poc0~acp1] = K(v) for 

cos 0 [/1('") ~ - ( 6  - -  poO) s) / : (")  A- Po~~ = K~ for r = t 

T h e  b o u n d a r y  c o n d i t i o n s  (2.5)  t o g e t h e r  wi th  r e l a t i o n s  (2.15) and  (2.16) y i e l d  

q~:(') +acpl ( ' ' )  = 0 f o r  r = u ,  ] 1  ( ' )  - ~ / 1  ( ' ' )  = 0 for r ---- 1 

F r o m  r e l a t i o n s  (2.6),  ( 2 .15 ) , and  (2.16)  we f ind  t h a t  f o r  r = 

/1 = 9:, A ( ' ) =  9~ ('), h (")= 9: (") 

cos 0 IT ~ (r - - / 1  (')) -~. 4ao% (')1 ~ K ~ - -  K v = 0 

T h e  s o l u t i o n  of  E q s .  (2 .13)  and  (2.14) m a y  b e  found  in t h e  f o r m  

co 

oo 

-~- ~ ,  ~ M~j  A~ + A~ 

f~_ = (rb) -~ [Is (r ]/"b) - -  4 (r ~ ) - ~  I~ (r I/b)] C~ 

+ (rb) -~ [Y3 (r Vb)  - -  4 (r ]/-b)-~ Y~ (r ]/'b)] C~ -b r-~Ca + Ca 

M ~  = ( -  t )n  bn (n  - k / 2)I , b = pQr ~ 

I I  [ (al  - 3 - a k  / 2) -~ ( 2 / - -  i - -  k ) ( l  - -  l - -  k ~  2)(2/-[- 3 - -  k)] 
1=1 

r = ( ; t  
(2.17) 

(2.18)  

(2.19)  

(2.20)  

(2 .21)  

k = 2 b f i - - a 0 ,  a = 3 - ~ 4 a 0 ,  M T ~ = M _ ~ f o r  k - - - - k ,  M a = M 0 f o r  k = 0  

H e r e  I v ,  Yv '  (v =2 ,8 )  a r e  B e s s e l  f u n c t i o n s  of  o r d e r s  one  and  two ,  an2  C i and  A i ( i = 1 . . . . .  4 ) a r e  
c o n s t a n t s  of  i n t e g r a t i o n .  

I f  we s u b s t i t u t e  t h e  q u a n t i t i e s  (2.20)  and  (2.21) in to  t h e  r e l a t i o n s  (2.18) and (2.19) ,  we o b t a i n  a l i n e a r  
h o m o g e n e o u s  s y s t e m  of  a l g e b r a i c  e q u a t i o n s  in s i x  a r b i t r a r y  c o n s t a n t s .  S i n c e  in t h e  c a s e  i n v o l v i n g  a l o s s  
of s t a b i l i t y  t h i s  s y s t e m  m u s t  h a v e  a n o n z e r o  s o l u t i o n ,  i t s  d e t e r m i n a n t  m u s t  v a n i s h ,  i . e . ,  

lai~r = 0 (i,k = t ,  2 . . . . .  6) (2.22)  

H e r e  

a l l  - -  V ~  re ( V ~ )  - s~ (V-g) ,  ~ 1  = u 

i 

as1= 7[ (b- -3) Ia  ( ] f b ) +  ( b - - 2 - -  4~fb) I2(]/-b)] - -  y~ [Is  (l"~b-) - -  ~ I~ (TV%-)] 

ala = 4, a~3 = T -e, aaa = 0, a~a = - -  2T -~, aaa = 6T-", ass=~'(4--b)~-24~ "-~ 
co 

n = l  

(2.23) 
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k 4- 
g 3 6  ~ ~ k  ' 

'k-~- i 
~5~ = 7k 

- 4 ( k +  1) 

oo 

oo 

-g~ -r- 

A- ~ (2n - -  k - -  t) (2n - -  k - -  2) M~7 ~-~  

"~ ~ RoMo~]~-~-~ 4ao[l + ~ MoT~'?-] - ~ (2n--t)(2n--2)Mo7 ~" -}-2 

R~ = - -  2 .~ 4ao -~ ba ~ -~- b~/(2n - -  k) -~ (2n - -  k - -  t)(2n - -  k ~- 2) 

F u r t h e r ,  we no te  tha t  the  e l e m e n t s  of the second  co lumn  of the  d e t e r m i n a n t  co inc ide  with the  c o r r e -  

sponding  e l e m e n t s  of the f i r s t  co lumn  if in t hese  l a t t e r  we r e p l a c e  the B e s s e l  func t ion  of the  f i r s t  k ind  I_r 
by the B e s s e l  func t ion  of the s econd  k ind  Yr.  The  e l e m e n t s  of the fifth co lumn  may  be  ob ta ined  f r o m  the 
e l e m e n t s  of the  s ix th  if in the l a t t e r  we f o r m a l l y  r e p l a c e  k by - k ;  and, f ina l ly ,  the  e l e m e n t s  of the  four th  
c o l u m n  may  be  ob ta ined  f r o m  the e l e m e n t s  of the  fifth for  k = 0, except  for  the  e l e m e n t s  a ~  and a~4, which 
a r e  as shown above~ In F ig .  1 we show the  dependence  of the  c r i t i c a l  p r e s s u r e  P0 on ~ for  0 . i  ~ P0 -< 1, 
0 _< c o ~ 1, k 0 = 0.1 and ~ = 1. The magn i tude  of the e l a s t i c - p l a s t i c  b o u n d a r y  7 c o r r e s p o n d i n g  to the  c r i t -  
i ca l  load P0 for  t he se  va lues  of P0, e0, k0, and ~ is  p r e s e n t e d  in F ig .  2a. We r e m a r k  that  as k 0 d e c r e a s e s  
the  s i z e  of the c r i t i c a l  p r e s s u r e  d e c r e a s e s ,  which fol lows f r o m  Eq. (2.3), s i nc e  P0 = k0 { ... }i and the f o r -  
m u l a t i o n  of P0 as a funct ion of a for  O < k 0 < i i s  r ead i ly  made .  

The  a s s u m p t i o n  tha t  l o s s  of s t ab i l i t y  m a y  o c c u r  in a c c o r d  with the  type  of s t a t i c  i n s t a b i l i t y  l eads  to 
e s s e n t i a l  s i m p l i f i c a t i o n s .  

Without mak ing  the i n t e r m e d i a t e  c a l c u l a t i o n s ,  we m e r e l y  ind ica te  that  the equat ion  for  d e t e r m i n i n g  
the c r i t i c a l  p r e s s u r e  is  ob ta ined  upon expanding  the  d e t e r m i n a n t  (2.22), which in the  g iven c a s e  has  the 
fol lowing e l e m e n t s  : 

a n = In 7, a21 = l ,  aai = - - l ,  aai == - -2  (i E 27), as1 = a6i = 0 

ai2----7 ~, a ~ =  aa~ ----- 2~ 2, a4~----- - - t27,  as2 = O, as~----- I 

ala =- 7-*, a~a = - - 2 7  -~, aa3 ---- 67% a4a = - - 1 2 7  (1 ~ 27) ,  asa = O, asa = - 1  

ax4 = - - l n 7 ,  a~ = --1,  a34 = 1, a4~ = 2 [t + 2 a o  (t - -  ?a -1) + 2 7 a  -~1 

as, = a,4 = O, ala = - - s in  (kln ~), a25 = - -k  cos (kln 7) 

aa5 = k(ksink l n 7  -~c~  inT), a4a = 3 k  ~ ( s i n k l n T - ~ a  - 1 s i n k  
�9 ln a) ~ k  (2 - -  k 2 Jr 4a0) (cos k In 7 - -  7a -1 c0sk in a) ,~- 6kTa -1 cosk In cc 

a ~ - ~  s i n k l n a ,  a6~= 0, a l ~ = - - c o s k l n 7  

a 2 s = k s i n k l n ~ ' ,  a 3 ~ = k ( k c o s k l n T - - s i n k I n ~ )  

a48 = 3k ~ (cos k In 7 - -  ~ 'a-1 cos k In a) - -  k (2 - - :k  s ~- 4%) (sin k tn 
--Tot -1 sink In a) - -  6kTa -~ sin-k In a ,  a~6 = cos k In a,  a ~  ~ 0 

(2.24) 

Cons ide ra t i on  of the  s ta t i c  p r o b l e m ,  c o r r e s p o n d i n g  to the s y s t e m  (2.4) with the c o n s e r v a t i v e  b o u n d a r y  
cond i t i ons  (1.6), l eads  to a d e t e r m i n a n t  whose  e l e m e n t s  co inc ide  with the e l e m e n t s  (2.24), except  for  the e l e m e n t s  

a44 = 2 -~  4ao (1 - -  7a  1 )  + (4  - -  Po) 7a  -1, a54 = - - P o  
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a4s = 3 k  2 ( s i n k l n T - T a  - l s i n k l n a )  - ~ k ( 2 - - k  2 ~-4a0)(coskln7 
--~a -1 cos k In a) ~- (6 - -  Po) k T a  -1 cos k In a 

a 5 5  = ( i  -~po) k S s i n k l n a  - - p 0 k  c o s k l n a ,  a4~ = 3 k  2(coskln 
- -  ~a -1 cos k In a) - -  k (2 --  k s -~ 4ao) (sin k In 7 --  7a -1 sin k In a) 

- -  (6 -- Pc) kTa -1 sin k In a 

a~6---- (i ~-p0) k ~ c o s k l n a - F p o k s i n k l n a  

(2.25) 

Fig. 3 shows the dependence of the cr i t ica l  values of P0 and 7 on a for  Eq. (2.22) with the coefficients 
(2~ (continuous curves) ,  and for  Eq. (2.22) with the elements (2.24) (dashed curves).  

As is evident f rom Fig. 2b and Fig. 3, the magnitude of the cr i t ical  force,  calculated using the con- 
servat ive  boundary conditions, does not differ significantly f rom that calculated using the nonconservat ive 
boundary conditions. 

A compar ison with [2] (for k 0 = 0.01732 and c o = 0) shows that the magnitude of 7 is somewhat less  
than it is in [2]. 

F r o m  Figs.  i and 3 it follows that the presence  of v iscosi ty  for the plastic deformations diminishes 
the size of the cr i t ical  force ,  i.e., v iscosi ty  has a destabilizing effect on the tube. 

All computations employed in making the graphs were obtained using the M-20 electronic digital com- 
puter. 
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